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A thorough understanding of the electronic structure is a necessary first step for the design of nanoelectronics,
chemical/bio-sensors, electrocatalysts, and nanoplasmonics using graphene. As such, theoretical spectroscopic tech-
niques to describe collective excitations of graphene are of fundamental importance. Starting from density functional
theory (DFT), linear response time dependent DFT in frequency-reciprocal space within the random phase approxima-
tion (TDDFT-RPA) is used to describe the loss function −={ε−1(q, ω)} for isolated graphene. To ensure any spurious
interactions between layers are removed, both a radial cutoff of the Coulomb kernel, and extra vacuum directly at
the TDDFT-RPA level are employed. A combination of both methods is found to provide a correct description of the
electron energy loss spectra of isolated graphene, at a significant reduction in computational cost compared to standard
methods.
1 Introduction In the last ten years, graphene [1,2,
3,4,5,6,7,8,9,10,11,12,13,14] has become the favourite
playground of researchers for testing methods for mod-
elling the electronic structure of low-dimensional systems
[15,16]. This is because the simplicity of its atomic struc-
ture means there is less ambiguity with regards to its elec-
tronic structure.
For this reason, theoretical spectroscopy techniques
[17,18,19,20,21,22,23,24,25] and experimental electron
energy loss spectroscopy (EELS) [26,27,28,29] have been
intensively applied to graphene. Thus, graphene offers an
ideal benchmark for comparing theoretical spectroscopy
methods, and there reliability for low-dimensional sys-
tems. Perhaps more importantly, graphene allows one to
directly probe a surface without having to separate out the
influence of an embedded bulk material.
In this paper, we apply linear response time dependent
density functional theory in frequency-reciprocal space
within the random phase approximation (TDDFT-RPA)
to describe the loss function −={ε−1(q, ω)}, absorbance
={ε(q, ω)}, and dielectric function<{ε(q, ω)} of graphene.
Although TDDFT-RPA is a method specifically designed
for describing bulk systems, it has recently been increas-
ingly applied to low-dimensional materials (molecules,
nanotubes, layers, surfaces, etc.). This has required a refor-
mulation of TDDFT-RPA to remove spurious interactions
between periodic images due to the long-ranged Coulomb
interaction.
One often used technique is the “radial cutoff” method
[30,31]. Here, the Coulomb interaction between images is
explicitly removed by employing a truncated translation-
ally invariant form of the Coulomb interaction. However, a
radial cutoff method becomes cumbersome when describ-
ing a bulk surface, where the amount of vacuum required at
the DFT level must then be larger than the slab’s thickness.
As a means of overcoming this limitation, one may use
the “zero padding” technique introduced herein. With this
technique, the unit cell is augmented by additional padding
at the TDDFT-RPA level. By combining these two tech-
niques, one may ensure that all interactions within the su-
percell are included, and all spurious image–image inter-
actions are removed.
This paper is organized as follows. In Section 2 the
computational details of the DFT and TDDFT-RPA cal-
culations performed herein are described, followed by a
brief review of the TDDFT-RPA formalism, and the ra-
dial cutoff and zero padding methodologies. In Section 3
the various TDDFT-RPA techniques employed (standard
DFT, zero padding, and radial cutoff) are directly com-
pared with the experimental loss function for graphene; the
convergence of graphene’s plasmon energies and spectra
with the vacuum layer is shown; and the dispersion of the
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converged loss function, absorbance, and dielectric func-
tion of graphene when employing a combination of radial
cutoff and zero padding techniques is provided. This is fol-
lowed by concluding remarks in Section 4.
2 Methodology All DFT calculations were per-
formed using the real-space projector augmented wave-
function (PAW) method code gpaw [32,33], with a grid
spacing of 0.2 Å, and the local density approximation
(LDA) [34] for the exchange and correlation functional.
An electronic temperature of kBT ≈ 0.05 eV was used
to obtain the occupation of the Kohn-Sham (KS) orbitals,
with all energies extrapolated to T = 0 K, and one unoccu-
pied band per C atom included to improve convergence.
Structural minimization was performed until a maxi-
mum force below 0.05 eV/Å was obtained. An orthorhom-
bic 2.46 × 4.26 × Lz Å3 supercell was employed, where
Lz = 8, 10, 12, 16, 20, 24, 40, 80, or 160 Å is the length
of the unit cell in the z-direction. The supercell consists
of four C atoms, as shown schematically in Fig. 1 (a).
Non-periodic boundary conditions were enforced in the z-
direction normal to the graphene surface, so that both the
electron density and KS wavefunctions → 0 as z → 0 or
z→ Lz. A Monkhorst-Pack k-point sampling of 25 k-points
along the zigzag direction, and 15 k-points along the arm-
chair direction of the graphene surface was employed to
converge the electron density, yielding a longitudinal mo-
mentum transfer resolution ∆q of 0.102 Å−1 and 0.098 Å−1
respectively. A finer 75×45 k-point mesh was employed to
obtain a finer ∆q of 0.034 Å−1 and 0.033 Å−1 for the calcu-
lation of the loss function and dielectric function’s disper-
sion. At the TDDFT-RPA level, eight unoccupied bands per
C atom and 105 G-vectors (εcut ≈ 36 eV) were included,
which was found to be more than sufficient to converge the
loss function for energies up to 50 eV.
Calculations of the dielectric response function have
been performed using TDDFT-RPA, as implemented in
gpaw [24,25]. Within this framework the Fourier transform
of the non-interacting density-density response function
χ0GG′ (q, ω) for momentum transfer q at energy ~ω is given
by
χ0GG′ (q, ω) =
1
Ω
∑
k
∑
n,n′
fnk − fn′k+q
ω + εnk − εn′k+q + iγ
×
∫
Ω
drψ∗nk(r)e
−i(q+G)·rψn′k+q(r)
×
∫
Ω
dr′ψnk(r′)ei(q+G
′)·r′ψ∗n′k+q(r
′). (1)
Here the sum is over reciprocal lattice vectors k and band
numbers n and n′, with εnk the eigenenergy of the nth band
at k, fnk the Fermi-Dirac occupation of the nth band at k,
γ the peak broadening, Ω the volume of the supercell, G
and G′ the reciprocal unit cell vectors, and ψnk(r) the real-
space KS wavefunctions for the nth band with reciprocal
lattice-vector k. The main advantage to the formulation of
(1) is that the two integrals may be computed directly using
fast Fourier transforms of ψ∗nk(r)e
−iq·rψn′k+q(r).
Including local field effects, one may obtain the in-
verse macroscopic dielectric function ε−1(q, ω) within the
random phase approximation (RPA) as the solution of a
Dyson’s equation in terms of the non-interacting density-
density response function χ0GG′ (q, ω) of the form
ε−1(q, ω) ≈
[
δGG′ − vGG′ (q)χ0GG′ (q, ω)
]−1∣∣∣∣
G=G′=0
, (2)
where δGG′ is the Kronecker delta, and vG(q) is the Fourier
transform of the Coulomb kernel. As (2) is a Dyson’s equa-
tion, its solution includes many-body effects within linear
response. Note that the inclusion of exchange and correla-
tion effects in vG(q) at the LDA level adds a minor correc-
tion to the present results, as already shown for the case of
graphite [17,19] and transition metal dichalcogenides [31].
As discussed in Ref. [30], for a 3D periodic system
with translational invariance, the Coulomb kernel is
v3DGG′ (q) = δGG′
$
dr
ei(q+G)·r
‖r‖ =
4pi
‖q + G‖2 δGG′ . (3)
However, for a system which is periodic in only two di-
mensions, such as a bulk slab or graphene, interactions be-
tween periodic images in a TDDFT-RPA calculation may
be significant due to the long-range behaviour of v3D. This
will be the case even for systems with sufficient vacuum
to converge the electron density at the DFT level. On the
other hand, image–image interactions are included at the
TDDFT-RPA level only through v3D. This motivates us to
introduce a 2D periodic Coulomb kernel, v2D, which is
both translationally invariant and zero for |z| > R, where R
is the “radial cutoff” for the Coulomb kernel. In this way,
interactions between periodically repeated images are ex-
plicitly removed.
The 2D periodic Coulomb kernel of the radial cutoff
method [30] is then
v2DGG′ (q) = δGG′
∫ R
−R
dz
"
dxdy
ei(q+G)·(x+y+z)√
x2 + y2 + z2
=
4pi
‖q + G‖‖δGG
′
∫ R
0
cos(Gzz)e−‖q+G‖‖zdz
=
4pi
[
1 + e−‖q+G‖‖R
[
Gz sinGzR
‖q+G‖‖ − cosGzR
]]
‖q + G‖2 δGG′ . (4)
Employing the suggested choice of R = Lz2 from Ref. [30],
since Gz =
2pinz
Lz
, where nz ∈ Z, one finds
v2DGG′ (q) =
4pi
[
1 − (−1)nze−‖q+G‖‖ Lz2
]
‖q + G‖2 δGG′ . (5)
From Eqn. (5) we clearly see that for Lz  2/q or q &
1 Å−1, v2D → v3D.
Note that by choosing R = Lz2 , interactions between
densities within the cell, but within Lz4 of the cell boundary
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Figure 1 (a) Schematic of the or-
thorhombic graphene unit cell repeated
twice in the surface plane. The x-
direction corresponds to the zigzag di-
rection or circumference of a zigzag
SWNT, while the y-direction corre-
sponds to the armchair direction or cir-
cumference of an armchair SWNT. The
z-direction is normal to the graphene
surface. (b) Graphene band structure εn,k
in eV relative to the Fermi energy εF
along the high symmetry K → Γ →
M → M′ → K directions. Thick lines
are the occupied pi (blue) and unoccu-
pied pi∗ (red) bands. Fermi surfaces ε in
eV relative to the Fermi level εF for the
(c) valence band εpi and (d) conduction
band ε∗pi of graphene, calculated over the
Brillouin zone, with reciprocal lattice
vectors kx and ky in Å−1 to the zigzag
and armchair directions in graphene, re-
spectively.
in the z-direction, are artificially removed. For graphene,
where the electron density occupies a narrow region within
the center of the cell, this does not pose major difficulties.
However, if one were to consider a thick slab, i.e., a sur-
face, choosing R = Lz2 would remove interactions between
the two surfaces of the slab. On the other hand, using a
larger radial cutoff would include unwanted interactions
between repeated images.
As an alternative, one may introduce further regions of
vacuum separating repeated images directly at the TDDFT-
RPA level. Although unoccupied wave functions may be
non-zero in the vacuum region, e.g., plane-waves, occu-
pied wave functions, i.e., the density, are negligible. For
this reason, in the added vacuum regions the matrix ele-
ments for the occupied KS wavefunctions are always zero,
and the inclusion of extra vacuum in Eqn. (1) only enters
into the non-interacting density-density response function
through the unit cell volume Ω, and hence the space over
which the fast Fourier transforms of ψ∗nk(r)e
−iq·rψn′k+q(r)
are calculated, and the reciprocal unit cell vectors G.
We may thus simply introduce extra unit cells of vac-
uum, or “zero padding” in the non-periodic direction, by
doubling or tripling Lz when computing the set of G vec-
tors to include at the TDDFT-RPA level. In this way, in-
creasing the length of the unit cell in the non-periodic
direction through the inclusion of vacuum effectively in-
creases the density of sampling of the reciprocal unit cell.
However, the “zero padding” method only provides a com-
putational advantage when performing the initial DFT cal-
culation of the KS orbitals. At the TDDFT-RPA level,
the computational expense is unchanged. Further, image–
image interactions are still present with this method.
To solve the aforementioned difficulties with the radial
cutoff and zero padding methods, one may combine both
approaches. By doubling the unit cell in the z-direction via
zero padding, one may ensure all interactions within the
unit cell are included, and spurious image–image interac-
tions are removed, using a radial cutoff of R = Lz2 . It is
this combination of both methods which provides the most
efficient means to describe bulk surfaces.
Finally, the quantities of fundamental interest are the
loss function −={ε−1(q, ω)}, the absorption or imaginary
part of the dielectric function ={ε(q, ω)}, and the real part
of the dielectric function <{ε(q, ω)}, which may be ob-
tained from Eqn. (2).
3 Results & Discussion Figure 2 shows the TDDFT-
RPA calculated loss function at qy = 0.1 Å−1 at the various
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Figure 2 Loss function −={ε−1(q, ω)} versus energy ~ω in
eV from TDDFT-RPA calculations for ‖q‖ = qy ≈ 0.1 Å−1
and γ ≈ 0.5 eV, from standard DFT with Lz ≈ 10 Å (—–),
Lz ≈ 40 Å (——), augmented with zero-padding so Lz ≈
10+30 ≈ 40 Å (– – –), and including a radial cutoff so Lz ≈
10 + 10 ≈ 20 Å, R ≈ L/2 ≈ 10 Å (– · – ·). Experimental
data from Ref. [26] (•) is provided for comparison.
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Figure 3 Plasmon energies in eV versus unit cell param-
eter Lz in Å for the (a) σ + pi plasmon ωσ+pi and (b) pi
plasmon ωpi, obtained from TDDFT-RPA calculations of
maxω −={ε−1(q, ω)} for ‖q‖ = qy ≈ 0.1 Å−1 (insets), from
standard DFT (,——), augmented by zero-padding (,–
– –), and including a radial cutoff of R ≈ Lz/2 (_). Grey
regions denote experimental range of ωσ+pi and ωpi [26].
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Figure 4 Graphene loss function −={ε−1(q, ω) as a func-
tion of energy ~ω in eV and momentum transfer q in Å−1
along the zigzag Γ → K direction, armchair Γ → M direc-
tion, and between Γ → M and Γ → K, with γ ≈ 0.1 eV.
levels of approximation employed herein, relative to the
measured loss function for graphene provided in Ref. [26].
As shown in Fig. 1, a momentum transfer qy is along the
Γ → M direction in reciprocal space. To provide a clearer
comparison between the various methods employed, all
loss functions plotted in Fig. 2 have been normalized to
have a consistent magnitude for the pi plasmon ωpi.
The TDDFT-RPA calculation based on a standard DFT
calculation with Lz ≈ 10 Å has both the pi plasmon and σ+
pi plasmon shifted to higher energies. For ωpi this amounts
to a shift of more than 1 eV relative to experiment. On the
other hand, for the σ + pi peak we see much higher energy
(∼ 4 eV) transitions contributing to the loss, which have
significantly higher intensities than those observed in the
experiment. We also see a lower energy shoulder in the
main σ + pi peak, which is probably the relevant structure
observed in the experimental loss function.
When the vacuum layer at the DFT level is increased
significantly to Lz ≈ 40 Å, both the ωpi and ωσ+pi plasmons
are redshifted towards the experimental values, and the in-
tensity of the ωσ+pi peak is reduced significantly. However,
even with such a large amount of vacuum included, the
shape of the high energy σ+ pi portion of the spectrum has
more weight at higher energies (∼ 17 eV) than the experi-
mental spectrum.
If instead we include three unit cells of vacuum within
the zero padding method, i.e., Lz ≈ 10 + 30 ≈ 40 Å, the
calculated and measured loss functions are in near quanti-
tative agreement. Both pi and σ+ pi plasmons, their relative
intensities, and the overall shape of the spectrum are very
well reproduced. Note that this calculation is based directly
on the DFT calculation with Lz ≈ 10 Å, with vacuum being
added only at the TDDFT-RPA level. This clearly indicates
that image–image interactions are responsible for the poor
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Figure 5 Graphene macroscopic
dielectric function (a) <{ε(q, ω)}
and absorption (b) ={ε(q, ω)} as a
function of energy ~ω in eV and
momentum transfer q in Å−1 along
the zigzag Γ → K direction, arm-
chair Γ → M direction, and be-
tween Γ → M and Γ → K.
agreement obtained for TDDFT-RPA based on a standard
DFT calculation with Lz ≈ 10 Å. However, the computa-
tional expense of such a large zero padding calculation is
not significantly reduced from a full DFT calculation with
increased vacuum, as the TDDFT-RPA part is the bottle-
neck in such calculations. However, by combining both
radial cutoff and zero padding methods, one obtains with
only a single layer of zero padding (Lz ≈ 10+10 ≈ 20 Å) an
almost identical spectrum to that obtained employing three
layers of zero padding. This clearly indicates the equiva-
lence of both methodologies.
To provide a more quantitative comparison between
TDDFT-RPA loss functions calculated with standard DFT,
employing zero-padding, and combining with a radial cut-
off, the calculated σ+pi and pi plasmons from each method
are shown in Fig. 3 versus the amount of vacuum Lz in-
cluded at the TDDFT-RPA level. The zero-padding plas-
mon energies agree resonably well with those based on
standard DFT calculations with the same amount of vac-
uum. Moreover, the overall shape of the spectra for both
methods, shown as insets in Fig. 3, are quite similar. Fur-
thermore, while the zero-padding plasmon energies and
spectra depend on Lz, they are independent of the ini-
tial amount of vacuum employed in the DFT calculations,
whether 10 or 80 Å. However, in all cases, convergence of
the plasmon energies requires Lz & 30 Å, with the shape
of the spectra continuing to change up to Lz = 160 Å.
If instead the radial cutoff method is employed, we see
that even for only Lz ≈ 10 Å, the plasmon energies and
shape of the spectrum are already converged with exper-
iment. These results clearly indicate the need for a radial
cutoff of the Coulomb interaction to reproduce the mea-
sured loss function of isolated graphene with a reasonable
computational effort.
To calculate the dispersion of the loss function, ab-
sorbance, and dielectric function, a denser k-point sam-
pling, to yield a higher momentum transfer resolution ∆q ∼
0.03 Å−1, has been employed, combining the zero padding
(Lz ≈ 10 + 10 ≈ 20 Å) and radial cutoff (R ≈ Lz2 ≈ 10 Å)
methodologies. The dispersion of the TDDFT-RPA loss
function for momentum transfer q along the high symme-
try directions (see Fig. 1) is shown in Fig. 4.
Graphene’s loss function consists primarily of a pi plas-
mon peak, which disperses quasi-linearly between 5 and
10 eV, and a broad σ + pi plasmon peak, which disperses
between 14 and 20 eV, and broadens significantly with mo-
mentum transfer. Both pi and σ + pi plasmons have quite
similar intensities and dispersions in both the Γ → K
and Γ → M directions. However, for momentum trans-
fer parallel to the Γ → M direction, there is also a more
weakly dispersive peak below the pi plasmon. This weakly
dispersive peak is not seen for momentum transfers paral-
lel to the Γ → K direction. In fact, this peak is already
well described when including only a single unoccupied
orbital in the TDDFT-RPA calculation. This demonstrates
this weakly dispersing peak is related to excitations to the
pi∗ band of graphene.
As shown in Fig. 1, the bonding pi and antibonding pi∗
bands of graphene are both quite flat along the M → M′
direction. In fact, the tight-binding band structure is com-
pletely flat between M and M′. Momentum transfers par-
allel to the Γ → K direction, cannot be from M → M′.
Altogether this explains the observed lack of a weakly dis-
persing peak in the loss function for momentum transfer
parallel to the Γ → K direction in Fig. 4.
Figure 5 shows the dispersion of the similarly calcu-
lated TDDFT-RPA real and imaginary parts of the dielec-
tric function. The blue regions shown in Fig. 5(a) demon-
strate that the observed ωpi and ωσ+pi peaks in the loss func-
tion are due to plasmons. However, the weakly dispers-
ing peak observed for momentum transfer parallel to the
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Γ → M direction is related to a peak in the imaginary part
of the dielectric function, rather than a plasmon mode.
4 Conclusions The TDDFT-RPA implementation
within gpaw has been extended to employ both a radial
cutoff of the Coulomb kernel v2D for 2D periodic systems,
and include zero padding via extra unit cells of vacuum
at the TDDFT-RPA level. The spurious image—image in-
teractions have a significant impact on the calculated loss
function for isolated systems, and must be removed to
describe the measured loss function correctly, as demon-
strated for graphene. These results are particularly impor-
tant in the area of nanoplasmonics, and for the description
of the low energy free-charge carrier plasmons induced by
electrostatic or potassium doping.
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